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Abstract. For an irreducible projective variety X, we study the family of /i-planes 
contained in the secant variety Sec^^X), for < h < k. These families have an 
expected dimension and we study varieties for which the expected dimension is not 
attained; for these varieties, making general consecutive projections to lower dimen- 
sional spaces, we do not get the expected singularities. In particular, we examine 
the family G\,2 of lines sitting in 3-secant planes to a surface S. We show that the 
actual dimension of Gi,2 is equal to the expected dimension unless S is a cone or a 
rational normal scroll of degree 4 in P 5 . 



0. Introduction 

Let X C P r be a smooth, non degenerate ro-dimensional projective variety. Take 
P G P r and assume that for all lines L through P the intersection, as a scheme, 
has length at most one. Then using the projection with center P one obtains an 
embedding X C P r_1 . Such a point P exists if and only if S\(X) ^ P r , with 
S\{X) being the secant variety of X: it is the closure of lines spanned by pairs 
of distinct points in X (see [JH] lecture 15). Clearly dim(Si(X)) < 2n + 1 and 
min{r, 2n + 1} can be considered as the "expected dimension" of Si(X). Hence, 
using such projections, we can embed X in p 2n + 1 ; we can go further and project X 
isomorphically in some P m , m < 2n + 1 if and only if S±(X) has dimension smaller 
than the expected one. 

The classification of varieties for which Si(X) has dimension less than the ex- 
pected value was studied by Severi, Terracini and Scorza (see e.g. [Sc]) for objects 
of small dimension and it has been recently reconsidered by several authors. Severi 
found that the Veronese surface is the unique smooth surface in P r , r > 5 that can 
be projected isomorphically to P 4 . In [Z], lower bounds for dim(£i(X)) are proved 
and a classification for varieties attained this lower bound is presented. These vari- 
eties can be projected isomorphically to some projective space of dimension much 
smaller than 2n + 1. 

In general, projecting a variety X C P 2n+1 from some disjoint linear subspace 
7T of dimension k > 0, as k increases one expects that points of higher multiplicity 
must arise in the image. A way (unfortunately not the unique one) to obtain these 
multiple points is by considering a linear span it' of k + 2 distinct points of X which 
contains tt: clearly tt' is contracted to a (k + 2) — uple point of the projection of X . 
The existence of n' for a general choice of the center 7r of projection can be rephrased 
as follows: consider the Grassmannian G(k, r) of /c-planes in P r and for a general 
set Pi, ... , Pk+2 of points of X consider the subset of G(k, r) formed by /c-planes 
contained in the span of the point Pj's. As the P^s move, these subsets describe 
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an algebraic subspace G(X) C G(k,r) which has an obvious expected dimension 
(see section 1 for more precise definitions) and the singularity above occurs when 
the closure of G(X) coincides with G(k, r). 

In this setting, varieties for which some space G(X) above has dimension less than 
the expected one are the analogous of varieties with degenerate secant variety; thus 
we may expect that they are strongly characterized by this property and study 
their classification. 

Notice that this problem was partly considered by classical geometers as a gener- 
alization of the Waring problem for forms. Indeed, for varieties X which are image 
of projective spaces under some Veronese embeddings, it arises naturally when one 
tries to write a set of forms as sum of powers of the same linear forms (see [B] and 
[T] for wider discussion). 

In the present paper, we propose a systematic study of the subspaces of the 
Grassmannians arising as above from secant spaces to a projective variety X; we 
call these spaces Grassmannians of secant varieties. In the first section we give 
precise (and more general) definitions. We prove then some general results on the 
dimensions of these spaces and we show that an exceptional behaviour gives rise 
to exceptional behaviour also with respect to Sk(X), the natural generalization of 
Si(X). 

In the second section, we obtain the classification of irreducible surfaces X C 
P r , r > 5, for which the Grassmannian of lines contained in 3-secant planes has 
dimension smaller than the expected one. 

Indeed, for such surfaces one expects that lines contained in some 3-secant plane 
describe a subvariety of dimension 8 in G(l,r); e.g. when r = 5 one expects that 
a general line lies in some 3-secant plane (or, in other words, the projection of X 
to P 3 should have some triple point). On the other hand it is classically known 
that the embedding of P 1 x P 1 in P 5 by a divisor of type (2, 1) does not enjoy this 
property. We are able to prove that this is the unique smooth surface for which 
the Grassmannian of lines in 3-secant planes has dimension less than the expected. 
Also taking singular (but irreducible) surfaces into account, we have no further 
examples of degenerate Grasmmannian of 3-secant planes, except for cones. 

Notice the curious behaviour of smooth surfaces of minimal degree in P 5 . There 
are 2 types of them: scrolls and the Veronese surface. The second ones have a 
degenerate secant variety S\(X), but all the Grassmannians of secant varieties are 
as expected. Surfaces of the first type, instead, have a nice behaviour with respect 
to secant varieties, but their Grassmannian of 3-secant planes degenerates. 

The authors are members of the european AGE project. The first author is 
supported by the italian MURST fund; he would like to thank Ciro Ciliberto, for 
many fruitful discussions, and the University of Leuwen, for its warm hospitality. 
The second author is supported by a Research Fellowship at the University of 
Leuwen; he would like to thank the University of Siena for its hospitality during 
the preparation of the manuscript. 

1. General Properties 

Notation 

We work over the complex field C. 
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For k < r, a general (k + l)-uple of points in X spans a /c-plane. Therefore we have 
the "span" rational map: 

$:X k+1 >G{k,r) 

to the Grassmannian of /c-planes in P r . 

For all h < k, consider the "incidence" diagram: 

j G{h,r) 
G(k,r) 

where I is the "incidence relation" of pairs (h, H) with h C H. 
Call: 

Gk(X) = closure of the image of <E>; 

S k (X) = closure of a^ 1 (G k (X)))- 
and more generally: 

G h , k (X) = closure of a h {^\G k {X))) c G(h,r). 
In fact: 

Gh k(X) = closure of {/i-planes contained in some k— plane, (k + 1)— secant to 
•V): ' 

Sk(X) = Gq^(X) = closure of the union of all k— planes, (k + l)-secant to X. 

Observe that we do not consider singular points of X; e.g. a general line through 
a double point needs not to be secant in our definition. 

For the expected dimensions of these objects, we have: 

expdim(G k (X)) = min{n(A; + 1), (r - k)(k + 1)}; 

expdim(G M (X)) = min{(> - h)(h + 1) + n(k + 1), (r -h)(h + 1)} 
so that, as usual: 

expdim(5'fc(X)) = min{n(/c + 1) + k, r}. 
Notice that all these varieties are irreducible, since X is. 

Proposition 1.1. dimG k (X) = ex.pdim(G k (X)). 

Proof. First assume n > r — k\ then any /c-plane 7r meets X in (at least) a curve; 
moving generically k + 1 points of this curve, we see that ir E G k (X). It follows 
that G k (X) is the whole Grassmannian, hence its dimension is (k + l)(r — k). 
Assume now n + k < r, so that expdimGfc(X) = n(k + 1). Since X^ k+lS) has 
dimension n(k + 1), the actual dimension of G k (X) is always less or equal than the 
expected one, and equality means that $ has finite general fibers. 
Assume dimG k (X) < expdim(G k (X)) and take k minimal, with this property. 
Since k is minimal, the span of k general points of X meets X in a finite set; hence 
the projection X' C p r_fc + 1 of X from k — 1 general points still has dimension n, 
furthermore a general projection from some point of X' contracts curves on X'; 
this is possible only if X' is linear: a contradiction. □ 

Corollary 1.2. dimGh, k (X) < expdimG/ l) fc(X). 

dim Gh, k (X) = (k — h)(h + l)+n(k + l) if and only if a general h— plane in Gh, k (X) 
lies only in a finite set of k -planes in G k (X). 

Proof. Immediate from the fact that (3^ has fibers of dimension (k — h)(h + 1). □ 
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Corollary 1.3. If k < r — n and tv G Gk(X) is general, then rr fl X is formed by 
exactly k + 1 points. 

Proof. Induction on k. If k = 1 then this is the well known 3-secant lemma: not 
every secant is a 3-secant. For k > 1, take projection from a general point of X. □ 

We recall some well-known facts. 

Proposition 1.4. Gh,k(X) = Gh,k+i(X) implies Sk(X) = P r . 

Proof. The condition implies Sk+i(X) = Sk(X); then use [Z], V.1.3. □ 

Terracini's Lemma. For general points Po,...,Pk G X and u general in their 
span, one has 

T u ,s k {x) =< T Po! x, ■ ■ -,T Pk ,x > ■ 

In fact, Terracini's lemma also works when X is reducible. 

Linear Lemma. Any set of m-planes such that any two of them meet in a (m — 1)- 
plane, either is contained in some fixed P m+1 or has am — 1-plane for base locus. 

Proof. Call H the (m + l)-plane spanned by two elements A, B of the family. 
Assume that some C in the set does not lie in H; then C meets if in a (m — 1)- 
plane, since it meets A, B in a (m — l)-plane, and C fl H = A fl B; any element of 
the set contained in H must then contain CnH; hence A fl B is the base locus. □ 

Using the linear Lemma and Terracini's Lemma, we can look at the situation of 
secant varieties for curves. 

Proposition 1.5. Let X C P r be a non degenerate, reduced (but possibly reducible) 
curve, such that dim Sk(X) < k + 1 < r. Then X is a cone. 

Proof. First take k = 1 and assume dim5'i(A A ) < 3. Then, by Terracini's Lemma, 
the span of two general tangent lines to X is a plane, so any pair of tangent lines 
meets. By [H] IV. 3. 8, if X is non degenerate and irreducible, this is impossible. So 
all components of X are degenerate. 

If Xi and X<i are two components, not contained in the same plane, consider a 
plane tt through X\\ a general tangent line to X 2 meets 7r in a point P, which must 
lie in any tangent line to Xi; it follows that Xi is strange, hence a line through P. 
Changing X\ and X 2 , we see that all the components of X are lines, any two of 
them meeting at some points. The conclusion now follows from the Linear Lemma. 
For k > 1, just work by induction: if X is not a cone, then dim Sk-i(X) > k + 1 
so dim Sk(X) = k + 1 implies, by Terracini's Lemma, that for a general choice of 
Pi,...,Pfc G X, the linear span of the tangent lines at the points Pi is a P fc+1 
containing the tangent line to any other general point. This is impossible, for X is 
non degenerate. □ 

Next, we prove some general results on the behaviour of grassmannians of se- 
cant varieties. We are going to use them for the case of surfaces and hope they 
will prove useful also in higher dimensions, for the classification of varieties whose 



GRASSMANNIANS OF SECANT VARIETIES 



5 



Proposition 1.6. If dim Gh,k(X) = (k — h)(h+l) + n(k + 1) — x for some x > 0, 
then dimGh-i,k(X) < (k — h + l)h + n(k + 1) — x — 1. In particular dimSk(X) < 
n(k + 1) + k — x — h. 

Proof. The first inequality implies that has x-dimensional general fiber, i.e. any 
/i-plane in some ( A; + 1) -secant /c-plane is in fact contained in a x-dimensional family 
of such planes. If tt' is a general (h — l)-plane in some H G Gk(X), then we have 
a (k — /i)-dimensional family of /i-planes in H containing tt'; the inverse image I' 
of this family in ah has dimension k — h + x; assume that dim (3h(I') = x' < x. 
Then over H' G fih(I') general we have a fiber of dimension at least k — h + x — x'; 
this is only possible if x = x' and all the h— planes in H, containing tt', are in fact 
contained in H'; it follows H = H' , which contradicts x > 0. Therefore (3(1') has 
dimension at least x + 1 and we are done. □ 

Proposition 1.7. Assume Sk-i(X) ^ P r . If X is not a cone and dimGh,k(X) = 
(k — h)(h + 1) + n(k + 1) — x, x > then either dimGh-i,k(X) < (k — h + 
l)h + n(k + 1) — x — 2 or dimSk(X) < n(k + 1) + k — k(h + x). In particular 
d\m.S k {X) <n(k + l) + k-x-2h. 

Proof. Fix H G Gj~{X) general and let tt' be a general (h— l)-plane in H. Call G' the 
(k — /i)-dimensional family of /i-planes in H through tt' and call I' its inverse image 
in /. We know that dim/' = k — h + x and its image in G(k, r) is at least (x + 1)- 
dimensional, with equality when dimGh-i,k(X) = (k — h + l)h + n(k + 1) — x — 1; 
we assume that equality holds and prove that dim Sk(X) < n(k + l) + k — h(h + x). 
Take H' general in the image of The fiber of I' over H' is a (k — h — 1)- 
dimensional family of /i-planes tt satisfying tt' C tt C H and tt C H'; this implies 
dim(H fl if') = — 1; H,H' are general moreover the intersections of all elements 
of fl(I') cannot be a fixed (k — l)-plane, for there is an element in (3(1') through 
a general /i-planes of H containing n'; it follows by the Linear Lemma that the 
elements of (3(1') lie in a fixed (k + 1) -plane V. 

Since H fl X generate H, then H' fl X ^ H fl X for H' G /?(/') general; so we may 
write Hf]X = T 1 UT 2 with T x C H' and T 2 n fl"' = for if' G (3(1') general. Put 
t = deg(T 2 ), so k + 1 — t = deg(Ti). The points of T 2 move when H moves in (3(1'); 
this implies that V cuts X in a curve C of degree at least t. 

We claim that t > 3. Indeed t > and if t < 3, then the spaces H' in /?(/') have a 
common (/c — 2)-plane spanned by k — 1 points of Ti; since tt' is general in i/, it is 
not contained in this (k — 2)-plane; since all H' G (3(1') contain tt' , this implies that 
they have a common (k — l)-plane; we yet know that this leads to a contradiction. 
Observe that if C spans a (t — l)-plane, since C (£_ H then CnH spans a (t— 2)-plane 
at most and the span of C fl H and Ti has dimension <£ — 2 + — t = k — 1; 
but T 2 C C H H and < Ti U T 2 >= If, a contradiction. Thus dim < C >> t > 3. 
We claim that S't_ 2 (C) 7^< C >. Otherwise the span of S't_ 2 (C) U Ti contains 
< C > UTi hence also /f; but < S t . 2 (C) U T x >C ^_ 2+fc+1 _ t (X) = S^X), 
hence tt' C Sk-i(X) which in turn implies Sk(X) C Sk-i(X), i.e. 5'fc-i(X) = P r , 
a contradiction. 

Now assume dim Si (C) > 3; this yields 5 , di m <c>-2(C) =< C >; since H fl C 
contains at least dim < C > points, we may find k + 1 — dim < C > points in Ti 
to conclude that V C Sfc_i(X), hence again Sk(X) C 5 , / c _i(X), a contradiction. 
So we have dim Si (C) < 3. By Proposition 1.5, we see that C is a cone; we claim 

j-U„j- u„„ j u i 1 i „ t„ j — J j-i . j;™ — „; — „i „f l „i„ — „ ;„ t/ j-1 .u 
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a general ft-plane tt D it' must contain k + 1 — deg(C) fixed points in Ti, hence these 
/c-planes contain a fixed linear subspace of of dimension ft + k + 1 — deg(C). It 
follows x = k-(h + k + l- deg(C)). 

Call T the vertex of the cone C. Since H is general, by Corollary 1.3 H n X contains 
exactly + 1 points, so T ^ H; moreover, if T is fixed when we move generically 
one point of H n X and fix the others, then X is a cone, absurd. So T describes 
a subvariety of T of X. We claim that dimT is a positive multiple of (ft + 1 + x); 
indeed consider the correspondence Z C X /l+1+x xI,Z = {(-Pi, • • • , -P^+i+x, T) :< 
-Pi,T >C X for all i}. Then the dimension of the fiber of Z over T is a multiple 
of £ + 1 + ft, for all points of X C\ H can be interchanged, but this fiber has also 
dimension n(h + 1 + x) — dimT. In particular dimT > ft + 1 + x. 
Fix 2 points A, B G H (1 X and let the other vary: the corresponding points T 
describe a subvariety of dimension > ft — 1 + x in I; this yields immediately 
dim Ta H Tg > h — 1 + x for the tangent spaces of X at A, 5, so that dim S± (X) < 
2n + 1 — (ft + x). Now for a third point C G H fl X, we see that dim < Ta U Tg > 
HTc > ft — 1 + x so that dim S 2 (X) < 3n + 2 — 2(ft + x) and so on: the conclusion 
dimS k (X) < n(k + 1) + k - k(h + x) follows. 

For the last inequality, just call ft' the minimal value such that dim Gh',k (^0 ^ n(k+ 
l) + (k-h')(h' + l)-x-2(h-h'). If ft' = then dim S fc (X) < n(k + l) +k-x-2h, 
otherwise we get dimGh>-i,k(X) > n(k + l) + (k — h' + l)h' — x — 2(h — h') — l and the 
previous conclusion tells us that dim Sk(X) < n(k + l) + k — k(h' + x + 2(ft — ft')) < 
n(k + l) + k-x-2h. □ 

Example. For ft = 1, k = 2 the previous Proposition yields: when X is not a cone 
and dim5'i(A A ) = 2n + 1 < r, then dimGi ;2 (^) < 3n + 2 implies also dimS 2 (X) < 
3n. In this case, the statement is in fact also a consequence of Proposition 1.9 
below. Compare with the Proposition 1.6, which just says dimS^X) < 3n. 

Theorem 1.8. Assume S k -i (X) ^ P r and dim G hjk (X) < (k-h)(h+l)+n(k+l). 
Then dimGh-i,k-i(X) < (k — h)h + nk. In particular dimSk-h(X) < n(k — ft + 
l) + k-h. 

Proof. Take it G G k {X) general and consider a general ft-plane L C n. By Corollary 
1.3, we know that tvHX = {po, . . . ,p k }. Let V be the intersection of L with the span 
of pi, . . . ,pk'- it is a hyperplane in L and it is also a general element of Gh-i,k-i(X). 
Now move it in the family of (k + l)-secant /c-planes through L; the points pi 
move consequently, so also their spans move. If V moves with tt, then it gives a 
family which is dense in L; thus any point of L lies in some /c-secant (k — l)-plane, 
which implies S k (X) = Sk-i(X), whence Sk-i(X) = P r by Proposition 1.4, a 
contradiction. Thus L' is fixed, hence it belongs to infinitely many elements of 
Gk-i(X). 

The last statement follows observing that Sk-h(X) C Sk-h+i(X) C • • • C S k -i(X). □( 

We will apply the previous result to the case k = 2, ft = 1. It reads: r > 2n + 1 
and dimGi i2 (^) < 3n + 2 implies dim,Si(A") < 2n+ 1. 

Theorem 1.9. ^ssnme dimGi )2 (^) < 3n + 2 and dim Si (X) = 2n < r. T/ien X 
is a cone. 

Proof. Take a general 2-plane 7r G G 2 (^); we may assume, by Corollary 1.3, ttHX = 
{A, B, C}. Take a general point P in the line < A, B > and fix a general line L C 7r, 

J-l ,U 77 



GRASSMANNIANS OF SECANT VARIETIES 



7 



Any line in tt is an element of G\^{X), so, by our assumptions, it is contained in an 
infinite family of 3-secant planes. Move rr in the family of 3-secant planes through 
L, we get a new plane tt' , which cuts X in A\ B' ', C; as observed in the previous 
proof, by continuity, the hypothesis S±(X) ^ P r implies that P is still contained 
in the line < A', B' >; so L induces in this way a 1-dimensional family of secant 
lines through P. 

Move now L in tt and consider the induced families of secants. Since P is general in 
Si(X), these families must coincide, for P cannot be contained in a 2-dimensional 
family of secants, by our assumptions. It follows that for V d tt general through 
P, there exists a 3-secant plane containing L' and < A',B' >; but this implies that 
every plane through A' ', B' : in the 3-space M spanned by tt, A', B' ', is 3-secant to 
X. In particular, X meets M in a curve r", passing through C. 
Observe that L is a general line of tt and M is also the span of tt and the plane tt' of 
L, A', B'; also observe that tt' is 3-secant and the family of 3-secant planes through 
L is 1-dimensional, by Proposition 1.6, since dim Si (X) = 2n. It follows that M is 
the span of two general planes in the component of the family of 3-secant planes 
through L containing tt; this component is unique, since tt is general. 
If r' is non degenerate, then by Proposition 1.5 it must be a cone, otherwise <Si(r") 
fills up the whole of M and S^X) = S\(X) ^ P r , contradiction. Hence degT' < 2. 
If r' is a conic, then X contains a conic through two general points. If V is such a 
conic through A, B, then all the lines through P in the plane of V are secant to X. 
Since P is general in S\ (X), then among these lines there is also the span < A', B' > 
for there is just one component of secants through P containing < A, B >; on the 
one hand this is the family of the secants through P in the plane of T, on the 
other hand it contains < A', B' >. Thus M contains also a conic through A, B and 
proposition 1.5 shows that Si(X) = S^X), a contradiction. 
We conclude that V is a line, i.e. X contains a line through any general point. 
Change now C and B and change P with the point Q = Lfl < A, C >. As above, 
we get that there exists a line in X passing through B and contained in the span 
of tt and tt', i.e. in M; hence M contains three lines of X, through the points 
A, B, C; since these lines are not in 7r, they form a non-degenerate curve. Since M 
is contained in S^pT), then by Proposition 1.5 the three lines form a cone, since 
Si(X) cannot contain M by assumption and by Proposition 1.4. 
Hence we get that for any triple of points of X there pass 3 lines meeting in a 
common point. As in the proof of Proposition 1.7, this is possible only if X is a 
cone. □ 

2. Surfaces and their Grassmannians Gi 2 

Through this section, £ is always an integral surface in some projective space. 
We want to classify surfaces for which the variety Gi^(S) has dimension smaller 
than the expected value 8; in other words, a general line in Gi^iS) is contained 
in infinitely many 3-secant planes. Since the situation is clear in P 4 , for reasons 
of dimension, we may assume that S C P r , r > 5. It turns out that there are few 
surfaces with this property; namely: 

Theorem. The integral surfaces in P r , satisfying dimGi^SO < 8 are either cones 
or rational normal surfaces of (minimal) degree 4 in P 5 , but not Veronese surfaces. 

Remark 2.1. It is well known that a general line in P 5 lies in some 3-secant plane 
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locus of conies of rank 1 and observe that any pencil of conies is contained in some 
net generated by conies of rank 1. It is classically known that a general projection 
of a Veronese surface to P 3 has 3 double lines, forming a cone. 

The proof of the theorem is divided in several steps. We shall use often the 
following classical Lemma, due to C.Segre: 

Segre's Lemma. Let S C P^, N > A be a non degenerate integral surface con- 
taining a 2- dimensional family of plane curves. Then the curves have degree < 2 
and S is either a Veronese surface or a projection of a Veronese surface in P 4 . 

Proof. The original proof is in [S]. See [CS] or [M] for a modern proof. □ 

Step 1. We may reduce ourselves to surfaces in P 5 with S±(S) = SziS) = P 5 . 
Indeed it follows from Theorem 1.8 that surfaces in P r , r > 5 for which dimGi^S 1 ) <| 
8, also satisfy dim Si (S 1 ) < 5. Since classically it is known that all surfaces in P 6 
with this last property are cones, they are yet considered in the classification. 
Furthermore, by Theorem 1.9 all surfaces with dimGi^iS) < 8 and dimS , i(5') = 4 
still are cones. Thus we may also assume that S is not a Veronese surface. □ 

Consider now the incidence variety: 

I'cG 2 (S)xP 5 I' = {(tt,Q) :Q£tt}. 

call p, q the projections; by Proposition 1.1, dim/' = 8. Since S^S 1 ) = P 5 , then p 
dominates P 5 ; so for P £ P 5 general, all components of p~ 1 (P) have dimension 3. 
Choose P general and choose one component Lp of p~ 1 (P). 

Step 2. Let Wp = p(q~ 1 (q(Lp))) = the union of all planes belonging to Lp. Then 
Wp is an irreducible variety containing S . 

Indeed the irreducibility of Wp follows immediately from the irreducibility of L P . 
Assume S <f_ Wp. Then the inverse image of Lp in S 3 ■■■ — > (7(2, 5) dominates 
only a curve V. We get an irreducible component Y of T 3 such that for Qi, Q 2 , Q3 
general in Y, their span lies in Lp, i.e. P £< <5i,Q2,Q3 > and, for dimensional 
reasons, general elements of Lp are obtained in this way. 

Write Y = T 01 x r 2 x r 3, with each r i component of V and take {A, B) general 
in Toi x To2- Since P is general and S\{S) = P 5 , then P lies only in finitely many 
secant lines to S, hence we may assume P ^< A, B >; it follows that for C £ To3 
general, we have < A,B,C >=< P,A,B> fixed. This contradicts the fact that Y 
induces a 3-dimensional family of planes. □ 

Step 3. dim W P = 4. 

Assume dimVFp = 5. Then for Q £ P 5 general there exists tv £ Lp with Q £ tv; 
then the line < Q,P > belongs to ir. Since the two points P, Q are general, we 
see that a general line belongs to a 3-secant plane, contradicting the assumption 
dimGi, 2 (5) < 8. 

Assume dim Wp < 3. Since Wp is irreducible and contains both S and the general 
point P, then dimWp = 3. For Q £ S general there exists a 3-secant plane 
contained in Wp passing through Q; it follows that the line < P,Q > lies in Wp, 
hence Wp is the cone over S with vertex P. Since Wp contains a 3-dimensional 
family of planes, the projection of Wp from P is a surface containing a 3-dimensional 

f„™;u. „f 1: — „. :„ „i„„„;„„l -i-U„-t „ u „ — „„ ± n 
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Choose now two points A, B G S such that P belongs to the line I =< A, B >; 
since P is general, we may assume that A, B are general in S. Define a rational 
map: 

* : S >G(2,5) 

which sends C £ S \ {A, B} to the plane < A, B, C >; call L' p the closure of the 
image. Clearly L' p is irreducible and by construction it lies in q(p~ 1 (P)). 

From now on, we start with A, B general, then we construct L' P and choose the 
component Lp of q(p~ 1 (P)), containing L' P . 

Step 4- dim L' p = 2 and p(q~ 1 (L' p )) = Wp. 

By Corollary 1.3, for C G S general we have < A, B, C > (IS = {A, B, C}, hence 
\1/ has finite general fibers, i.e. dimL'p = 2. 

Now take C G S general; the fiber of (/ _1 (L p ) over C is non empty (by construction) 
and finite, for otherwise C lies in infinitely many planes of L' P . Then p(q~ 1 (L' P )) 
has dimension 4. Moreover for Q general in p(q~ 1 (L' p )), there exists C E S with 
Q G< A, B, C >G L P ; this means p(q~ 1 {L' p )) C W P . The claim follows from 
irreducibility of Wp and Step 3. □ 

For tt G Lp\ L' p , write for the span of tt and the line £ =< A, B >. 

Step 5. is a 3- dimensional space contained in Wp and Wp is the union of spaces 
as tt varies. Hence for it G Lp general, the intersection A n nS contains a curve. 
Clearly dimA^ = 3 for P G £fl7r. Also for Q G 7r general, by step 4, there is C G X 
with Q G< A, B, C >, whence < Q,A,B >C W P , so A^ C W P . When n varies, 
the corresponding A^ define a variety of dimension at least 4, it coincides with Wp. 
Since S 1 C Wp, for 7r general it follows that A^ fl S has dimension 1. □ 

Observe that A n nS might have some isolated point, for the ambient fourfold Wp 
might be singular somewhere. Thus although A, B belong to A^ fl S, unfortunately 
we are not allowed to conclude, a priori, that there exists a curve contained in 
Aj,- fl S and passing through A, B. This makes the argument more involved. 
Next step is crucial to override this difficulty and conclude the proof of the Theorem. 

Step 6. Assume S is not a cone. Then for tt, tt' G Lp general, we have A^PlA^/ = £. 
Assume on the contrary that A^ fl A^ is a plane V. First we show that this V is 
fixed as tt, tt' vary; indeed otherwise, by the Linear Lemma, the union of the spaces 
A n is a P 4 which contains S, contradicting the assumptions. 

The projection S ■ ■ ■ — >• P 2 from V is not dominant, for it contracts the curves 
Aj,- n S, which cover S. It follows that the projection of £ from the secant line 
I C V is a cone in P 3 . The conclusion now follows from: 

Lemma. If the projection of an integral surface S C P^ > 4, from a general 
point A G S , is a cone, then S itself is a cone. 

Proof. Call ta the projection; if F is a ruling of the cone ta(S), then t^ 1 (F) is a 
plane curve; thus ta determines a 1-dimensional family of plane curves. 
Assume these curves are not lines; then they determine their planes, so moving A 
on S also the family moves; it follows that S is covered by a 2-dimensional family 
of plane curves; by Segre's Lemma, S is a projection of a Veronese surface. On the 
other hand it is well known that projecting a Veronese surface or a cubic surface in 
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Assume that all curves (F) are lines, so S is ruled; since it is not a cone, its lines 
meet the line R which joins A to the vertex of ta(S), in a moving point; moving A 
generically, we find a new line R' which is intersected by all the lines of S; then S 
lies in the span of R, R', a contradiction. □ 

Since cones are included in our classification, we may assume from now on that 

S is not a cone. 

Step 7. P is not contained in any tangent line to smooth points of S . Moreover £ 
is the unique secant line to S contained in A^ and passing through P. 
The first claim follows easily from the observation that the union of all tangent 
planes to regular points of S is a 4-dimensional variety. 

Assume that for w G Lp general there exists another secant line £' with P e £' C A n . 
£' must be fixed as n varies, since P is a general point of P 5 and Si(S) = P 5 , so P 
is contained in finitely many secant lines. But this contradicts the previous step, 
which tells that the intersection of two general spaces A^ n A^/ is £. □ 

Call now FV the union of all 1-dimensional components of A^ n S. As observed 
in step 5, T n is non empty, but it may be different from the intersection A n f] S. 

Step 8. For tt general in Lp, there are no components ofY^ which are plane curves 
and contain A or B. 

Assume there exists such a component 7 through A. Since £ is a general secant 
line, then it is not tangent to S, for Si(S) = P 5 . Thus £ cannot coincide with the 
embedded tangent space T to 7 at A G S. It follows that 7 moves, when it varies 
in Lp, for otherwise a general intersection A^ n A^/ contains T, contradicting step 
6. 

Since 7 moves, then A is contained in a 1-dimensional family of plane curves lying 
on S; since A is general, then S contains a 2-dimensional family of plane curves; 
this is impossible by Segre's Lemma, since S\(S) = P 5 . □ 

Step 9. The variety Wp cannot contain a 2-dimensional family of spaces Ap. 
Indeed S is non degenerate and we have the following general: 

Lemma. Let Y be an irreducible variety of dimension m > 2, containing a 2- 
dimensional family 1Z of linear spaces of dimension m — 1. Then Y itself is a linear 
space. 

Proof. The proof goes by induction on m, the case m = 2 being classical (and an 
easy consequence of the Linear Lemma). For m > 2, take a general hyperplane 
H and consider the family {Ri n H : Ri e 1Z} of subvarieties of Y D H. If this 
family is 2-dimensional, then we conclude by induction. Otherwise, for R e 1Z 
general, the intersection Rh = HnR (which is a general hyperplane in R) must be 
contained in infinitely many spaces of 71; but in this case, varying H, the families 
{R' G 1Z : Rh C R'} together dominate 1Z, so R meets another general element 
R' G 1Z in a non- fixed subspace of co dimension 1. It follows by the Linear Lemma 
that the total space of 1Z is a linear space of dimension m, contained in Y. □ 

Step 10. We have degT^ = 3 and is a rational normal cubic passing through 
A, B. 

Since L P is 3-dimensional and all planes of L P belong to some A^ C Wp, it follows 
by a dimensional count that the general plane of A^ passing through P is a 3-secant 
plane and by Corollary 1.3 it meets S exactly in 3 points; this is clearly impossible 
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Take now a general plane it' C passing through £; it is a general 3-secant 
plane, so it meets S in exactly 3 points, by Corollary 1.3. But degT^ = 3 and 
T-n-Di C S Di = {A, £?}; also, by step 8, no components of through A are plane 
curves. If F n does not contain (say) A, then a general plane through I lying in 
meets S in more than 3 points. This is impossible by Corollary 1.3, for this plane 
is a general 3-secant plane to S. Thus T n is an irreducible smooth cubic passing 
through A and B. □ 

Step 11. The linear system \L\ above determines a birational map from S to a 
quadric surface in P 3 . 

Take A, B e S general; for all spaces A^ as above, we find a rational normal cubic 
7 C S, passing through A,B and contained in A^; by step 6, moving it we see 
that S contains a 1-dimensional family of rational normal cubics which intersects 
transversally in A, B; moving A, £?, we get a 3-dimensional family of rational normal 
cubics on S. Since these curves are contracted by the Albanese map, then h x Os = 
and they belong to a linear system \L\ of dimension 3; by Noether's theorem, S is 
rational. Since by step 6 the intersection of two curves of \L\ through the general 
points A, B is exactly {A, B}, then L 2 = 2 and the sequence: 

implies h°Os(L) = 4. We get that \L\ has no base points and it separates general 
points; the associated map thus sends S birationally to a quadric in P 3 . □ 

Call g : S ■ ■ • — > P 3 the map associated to \L\. 

Step 12: end of the classification. Assume g(S) is a smooth quadric. The linear 
system of hyperplanes of S & P 5 corresponds to some divisor class (a, b) on g(S); 
since g is biratonal on its image, a, b > 0, moreover a + b = 3: it follows that S 
corresponds to the embedding of a smooth quadric surface via the linear system of 
type (2,1) (or (1,2)). 

In fact, embedding a smooth quadric Q with the linear system |(2, 1)| we find a 
surface ScP 5 such that for a general points A, B,C G S there is a unique rational 
normal cubic 7 C S through them: 7 is the image of the unique conic through the 
corresponding points on Q. This curve 7 spans a P 3 ; call it V. If R is any line 
contained in the plane spanned by A, £?, C, then a general plane passing through R 
and contained in V is 3-secant to S. Hence S is an example of a surface with few 
lines on 3-secant planes. 

Assume g(S) is a quadric cone. Call X the blow up of g(S) at the vertex and let 
T be the class of the proper transform of a ruling; let E be the exceptional divisor; 
the map X ■ ■ ■ — > P 3 corresponds to the class 2T + E on X. Call aE + bT the class 
corresponding to the map X • •• — > P 5 ; then as above (aE + bT) ■ (2T + E) = 3 
which implies 6 = 3. Since g is birational and dim(|3T|) = 3, we se that a > 0; 
since aT + bE has no fixed components and E ■ (aE + 3T) = —2a + 3, we get a = 1. 
Observe that -E + 3T corresponds to rational normal curves passing through the 
vertex of g(S); \E + 3T\ is very ample, in the blow up of g(S) and, as above, this 
system determines a surface ScP 5 such that 3 general points of S are contained 
in a rational normal cubic on it; it follows that this embedding of quadric cones 
also provide example of surfaces in P 5 with few lines on 3-secant planes. □ 

Remark 2.2. Rational surfaces of degree 4 in P 5 , except for the 2- Veronese embed- 
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corresponding to the rank two bundles (9(2) © (9(2), 0(1) © (9(3) and (9 © (9(4) 
over the projective line. Scrolls of the first type can also be seen as a quadric of P 3 
embedded in P 5 by means of the linear system (2, 1). The second type corresponds 
to the blowing up of a quadric cone at the vertex, embedded by the (pull-back 
of the) linear system of cubic curves through the vertex. All these scrolls X are 
smooth and have dimGi )2 (^) < 8, by step 12 of the theorem. 

Scrolls of the third type are cones; also for such X one has dimG 1)2 (X) < 8, 
for three general points A, £?, C span, together with the vertex, a 3-plane L which 
meets X in three lines, so every line r in the 3-secant plane < A, B, C > lies in 
infinitely many 3-secant planes: the planes in L through r. 

Observe that rational normal scrolls X of degree 4 in P 5 are in fact classically 
known to project generically to P 3 as surfaces with no triple points; it follows that 
the general projection of X to P 4 has no 3-secant lines through a general point, 
whence a general line of P 5 does not lie on any 3-secant plane to X. 
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